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For a Galois extension K/F of global fields, char F# 2, it is known that the Hasse 
norm theorem mod squares is equivalent to the existence of a local-global principle 
for the transfer ideal YKIF of quadratic forms. When Gal(K/F) = (Z/22)‘, the Hasse 
norm theorem mod squares holds although the usual Hasse norm theorem may fail. 
In this paper we analyze the case when Gal(K/F) = iZ/22 $2/2’Z!, k > 2. In par- 
ticular, the Hasse norm theorem mod squares holds if and only if the Hasse norm 
theorem holds (Theorem I). A corollary shows that if a square in F is a local norm 
from K, then it is a global norm from K (Theorem II). Q 1992 Academic press, IIIC. 
1. INTRODUCTION 
The Hasse norm theorem for cyclic extensions of global fields is one of 
the cornerstones of algebraic number theory. There has been considerable 
research analyzing generalizations of Hasse’s theorem, and variations of it. 
One such variation, introduced in [LW], is the Hasse norm theorem mod 
squares-see below for the precise definition. It was shown in [LW, 
Theorem 4.41 that for a Galois extension K/F of global fields (of charac- 
teristic not 2) the Hasse norm theorem mod squares is equivalent to the 
existence of a local global principle for the transfer ideal 9&F of quadratic 
forms. Thus, it is natural to ask how generally the Hasse norm theorem 
mod squares holds. It was shown in [LW, Theorem 4.51 that whenever 
K= F(,/&, . . . . &) with all ai E F the Hasse norm theorem mod squares 
holds for K/F, even when the usual Hasse norm theorem does not. 
We consider here the first case beyond that of exponent 2, namely that 
l Supported in part by the NSF. 
337 
0022-3 14X/92 $5.00 
Copyright 0 1992 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
338 LEEP AND WADSWORTH 
of K/F an abelian Galois extension of global fields, with Galois group 
g(K/F) zE/~~Z x E/2Z for k 22. In our main result, Theorem I, we will 
prove that for such K/F the Hasse norm theorem mod squares holds just 
when the Hasse norm theorem holds. At the same time we will reprove the 
condition in terms of local field degrees for the Hasse norm theorem to 
hold for K/F. This condition is well known from the cohomological inter- 
pretation of the Hasse norm theorem (cf. [CF, pp. 198-1991). But our 
approach here is not cohomological, since we do not have a cohomological 
proof of Theorem II; this theorem says that squares which are local norms 
are global norms, and it is needed for the proof of Theorem I Theorems I 
and II are stated precisely at the end of this introduction. We will also 
show in Corollary 2.4 that for any abelian Galois extension M/F if the 
Hasse norm theorem holds for M/F, then the Hasse norm theorem mod 
squares also holds for M/F. For comments on the Hasse norm theorem 
mod pth powers for odd primes p, see Section 5. 
Here is the notation and terminology that will be used throughout the 
paper. For any finite-degree field extension LIE, NLIE: L* -+ E* denotes 
the norm map, where E* = E - (0). Let F be a global field, and let Q(F) 
denote the set of prime spots of F. For p E Q(F), we write I;, for the local 
field of F with respect to p; if p is finite, up : F,* -+ Z denotes the associated 
surjective normalized valuation. For any (finite-degree) Galois extension 
K/F we say a E F* is a local norm for K/F if for each p E Q(F), p E Q(K) 
with P I P, a E N,,,,(q). (S ince K/F is Galois, it suffices to check this con- 
dition for a single prime p E O(K) dividing p E Q(F).) We say a E F* is a 
global norm for K/F if a E NKIF(K*). We write 9 and Y for the multi- 
plicative groups of local and of global norms for K/F. Note that Y is 
a subgroup of 9 since K/F is Galois. We say aE F* is a local norm 
mod n th powers for K/F if for each p E Q(F), p E Q(K), p I p, we have 
~EN,~,,,(~).F, . *n Finally, a E F* is a global norm mod n th powers for 
K/F if a E NKIF(K*) . F*“. We say that K/F satisfies the Hasse norm theorem 
mod n th powers if every local norm mod n th powers for K/F is also a global 
norm mod n th powers for K/F. We say that K/F satisfies the Hasse norm 
theorem if every local norm for K/F is also a global norm for K/F, i.e., 
B = 2. Our main results are the following two theorems: 
THEOREM I. Let K/F be a Galois extension of global fields (of any 
characteristic), and assume the Galois group S(K/F) z Z/22 x Z/2kZ, with 
k 2 2. Then the following are equivalent: 
(1) The Hasse norm theorem mod squares holds for K/F. 
(2) The Hasse norm theorem holds for K/F. 
(3) There exists a prime po~Q(F) and ‘p,~a(K), ‘pOl pO, such that 
[KV, : F,] = [K: F]. 
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THEOREM II. With the hypotheses of Theorem I, if b E F* and b2 is a 
local norm for KJF, then b’ is a global norm for KJF. That is, F*2 n 9 E 9. 
We will discuss the validity of Theorems.1 and II for k = 1 at the end of 
Section 4. 
2. GENERAL RESULTS ON ABELIAN EXTENSIONS OF GLOBAL FIELDS 
In this section we collect some results on abelian extensions of global 
fields which will be needed for the proofs of Theorems I and II. For the 
definition of a modulus m of a global field F and the associated ray modulo 
m, F,,,l = (cc F* 1 c = 1 (mod m)}, see [.I, p. 1081. 
LEMMA 2.1. Let F be a global field. Let S G Q(F) be a finite set of 
primes containing all the infinite primes. Let m = nPEs pncp’ be a modulus. 
In addition, if char(F) # 0, select any p0 E Q(F) - S and any integer n, 3 1. 
Choose any b, E FF for each p E S. Then there exists b E I;* satisfying (i) and 
(ii) or (ii’): 
(i) b E b, (mod P”(~)) for every p E S. 
(ii) rf char(F) = 0, u,(b) = 0 f or every p E Q(F) - S except for some 
singl’e prime q E Q(F) - S, and u,(b) = 1. 
(ii’) rf char(F) # 0, no I u,,(b), and u,(b) = 0 for euery PE Q(F) - 
(SW {p,>) except for some single prime qESZ(F)- (Su {p,}), and 
v,(b) = 1. 
ProoJ (The proof is similar to that of [LTV, Lemma 2.111.) Let I” be 
the (multiplicatively written) free abelian group generated by the primes 
p E Q(F) - S. There is a canonical homomorphism CL: F,,,, -t I’” given by 
a4XpCSP . ‘An) If char(F) =O, let G = p(F,,, 1); if char(F) #O, let G be 
the subgroup of I” generated by p(F,,,,) and ‘p;lo. Then G is a congruence 
subgroup of I” (cf. [J, p. 1663 or [W, p. 2821). 
By the weak approximation theorem there exists CE F* with c= b, 
(mod P”‘~‘) for each p E S. The generalized Dirichlet density theorem (see 
[J, p. 182, Theorem 10.31 for number fields or [W, p. 290, Corollary] for 
all global fields) says there exists qEQ(F) - (SW {po}) such that qz 
I-Ipd2(F)-s P “pfc) (mod G). (To apply this density theorem in the function 
field case, we need to know that not all the divisors associated to elements 
of G have degree 0; the presence of p? in G assures this.} Now assume 
char(F) # 0. The congruence for q means that for some y E F,,,, and i E 7, 
q=l-I +.(c) +(v) pen(Pj-- p p .p;;“’ in I”. Let b = cy~ F*. Then, as y - 1 
(mod m), for PE S, b - cz b, (mod p”(P)). If p$ Su {q} u (po} then 
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u,(b) = 0; also u,(b) = 1 and o,(b) = -n,i, as desired. The argument is the 
same if char(F) = 0, but with the p. terms deleted. 1 
Let K/F be an abelian Galois extension of global fields. For each 
LEO we view the local Artin map (see [J, p. 1871 or [S, pp. 196-1971) 
as a function 
The map 8, is an epimorphism which is independent of the choice of 
p E O(K) lying over p, and 8, has kernel Ny,(q ). Recall that for any 
UE F*, 0,(a) = 1 for all but finitely many primes p E Q(F), and that the 
product formula for the local Artin maps [J, p. 189, Theorem 12.81 yields 
l-I PER(F) epb4 = 1. 
LEMMA 2.2. Let K/F be an abelian Galois extension of global fields. 
Suppose we are given ap E F,* for each p E Q(F) satisfying 
(a) 8,(a,) = 1 for all but finitely many p; 
(b) n,,,,,, e,bp) = 1. 
Then there exists b E F* such that 0,(b) = 0,(a,) for all p E Q(F). 
Proof: Let S c Q(F) be a finite set of primes containing all the infinite 
primes, all the finite primes which ramify in K, and all the primes p at 
which @,(a,) # 1. For each finite p E S, take any p E K, p 1 p, and choose a 
positive integer n(p) sufficiently large that {c E F: I c - 1 (mod P”‘~‘)} G 
NKp,Fg(e) (cf. [J, p. 151, Proposition 3.6) or [S, p. 82, Proposition 3(a) 
and p. 93, Corollary 31). Choose n(p) = 1 if p is a real infinite prime and 
n(p) = 0 if p is complex infinite. Let m = npeS pn(p) be the corresponding 
modulus. If char(F) # 0, pick any p0 E 52(F) - S, and let n, = [K,, : F,] for 
any pa E Q(K), pa 1 po. By Lemma 2.1 there exists q E Q(F) and b E F* such 
that b = ap (mod p “(p)) for all PES, u,(b)=0 for all pea(F)- (SW {q} u 
{PO>), u,(b) = 1, and (if char(F)#O) no/u,(b). Then for PES, B,(b)= 
O,(a,) since ba;’ z 1 (mod p”(P)). Also, for PE Q(F) - (Su (q} u {p,}), 
0,(b) = 1 = (?,(a,) since u,(b) = 0 and p is unramified in K. If char(F) # 0, 
we also have 8,(b) = 1 = 0,,(u,), since 8,(b) is determined by u,(b) as p. 
is unramified in K (cf. [S, p. 197, Proposition 133) and [K,, : F,] I o,(b). 
Now, because the product formula shows 
we must also have B,(b) = B&a,), since equality holds for all p # q. 
THEHASSENORMTHEOREM 341 
LEMMA 2.3. Let KJF be an abelian Galois extension of global fields. 
Suppose a E F* is a local norm mod n th powers for KJF. Then there exists 
y E F* such that ay” is a local norm for KJF. 
Proof For each p E Q(F), there exists xP E F,* such that 
a-$ E NKpIFpWp* ). Th us, B,(ax;) = 1 for all peg(F). Let S&B(F) be a 
finite set of primes containing all those primes p such that (i) p is infinite, 
(ii) p ramifies in K, or (iii) p is finite and u,(a) # 0. If char(F) # 0 choose 
any p,, E Q(F) - S. By Lemma 2.1 (as in the proof of Lemma 2.2), we can 
choose y E F* such that 
(1) 8,(y)=8,(xP) for allpES; 
(2) u,(y)=0 for allpEQ(F)-(Su {q} u {p,}), for some qEQ(F)- 
(Su {PO)); 
(3) if char(F) # 0, 19,(y) = 1. 
For p E S, O,(ay”) = O,(ax;) = 1. For p E O(F) - (Su (q} u {p,>), O,(a) = 
BP(y) = 1 since p is unramified in K and u,(a) = u,(y) = 0; hence again 
8,(ayn) = 1. Similarly, if char(F) # 0, fI,(ay”) = 1. The product formula 
then forces 0,(ay”) = 1, as well. Hence, ay” is a local norm for K/F. 1 
COROLLARY 2.4. Let KJF be an abelian Galois extension of global fields. 
If the Hasse norm theorem holds for KfF, then the Hasse norm theorem 
mod n th powers holds for KJF for every n 2 1. If the Hasse norm theorem 
mod m th powers holds for KJF, then the Hasse norm theorem mod n th 
powers holds for KJF whenever n ( m. 
Proof This is immediate from Lemma 2.3. 1 
3. A CONGRUENCE CONDITION 
In this section we assume K/F is an abelian Galois extension of global 
fields with 9(KlF)~Z’i2/2Z x Z/2kZ, ka 1. We will derive a congruence 
condition that determines whether a local norm for K/F is also a global 
norm for K/F. 
We fix the following notation for this entire section. Let K 
B(K/F)= (a) x (r), where Q has order 2 and r has order 2k. Let 2’ 
L be the fixed field of r. Then [K : L] = 2k, [L : F] = 2, and 
S(L/F) E (6). Fix an element aE F* which is a local norm for L 
K/F. Then a is a local norm for LJF, and hence a global norm for 2 
L/F by the Hasse norm theorem (since L/F is cyclic). Choose and 
fix YE L* with iVLIF(y) = a. F 
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LEMMA 3.1. a E NKIF(K*) [f and only if there exists some t E L* such 
that yt/a(t) is a local norm for K/L. 
Proof Suppose yt/a(t) is a local norm for K/L. Then by the Hasse 
norm theorem applied to the cyclic extension K/L, yt/o(t) = NKIL(c) for 
some c E K*. Then N,,(c) = NLIF( y?/o( t)) = NLIF( y) = a, as desired. 
Conversely, suppose a = NKIF( c), c E K*. After setting z = NKIL(c), we 
have NLIF(z) = NKIF(c) = a = N,,,(y). Hilbert’s Theorem 90 yields z/y = 
t/a(t) for some TV L*; so yt/a(t) = z = N,,,(c). The global norm yt/a(t) is 
certainly a local norm for K/L. [ 
Now, with y fixed so that N,,,(y) = a and t E L* chosen arbitrarily, we 
will determine congruence conditions for yt/o(t) to be a local norm for 
K/L. For this, we fix some further notation. For primes p E Q(L), ‘p E B(K) 
with ‘p 1 p, let 
[Kco : LPI = 2jp with O<j,<k, 
n,=k-j,. 
Let 8, be the local Artin map for K,/L,. Then, im(e,)= S(K,/L,)c 
Y(K/L) = (T). Since lim(fI,)[ = 2’+‘, 
We,) = <a, >, where a, = r20P, 
Define integers rr, and s, (modulo 2jp) by 
e,(Y) = q and e,(t) = a:. 
We assume r,, = 0 (resp. sP = 0) whenever 0,(y) = 1 (resp. e,(t) = 1). The 
analysis breaks into two cases depending on whether a prime pi B(F) 
splits in Q(L). Accordingly, decompose Q(F) = S, u Sz, where S, = 
(p E Q(F) 1 p splits in O(L)) and S2 = (p E Q(F) 1 p does not split in Q(L)}. 
Assume now that for each p E S1 one of the two primes of In(L) lying above 
p has been selected and designated pi, and the other is designated p2. Let 
T, E Q(L) be the collection of all the primes of L labeled pi, as p ranges 
over S,. Let T,=(p~l2(L)( pip, wherepo&). 
Now to the question of when yt/a(t) is a local norm for K/L. Take 
P E Q(F). 
Case I. Suppose p E S, , so p = pi p2 in L (p, E T, ). Take any Cpi E O(K) 
with vjl pi, i7 1,2. Since, in the notation above, j,, = jPz, we have 
; for convenience, set a = clP, = uPz. Then, from e,,(a(t)) = e,,(t), 
+sp~-spz, and likewise 0&@(f)) = a’p2+sp2-spl. 
THE HASSE NORM THEOREM 343 
Thus, as c1 has order 2”: the necessary and sufficient conditions for ~~/a(l) 
to be a norm from K, to L,,, i= 1,2, are 
Yp,+S,,-sS,,EO (mod 2jpl), (1) 
TP2 + SP2 - sp, E 0 (mod 2jp2), (21 
Since it is assumed HEN and LPI =Fp, we have F(Y) = 
afzN KQI,LpJKG1). 
K,,,,IFp(K&) 
That is, 1 = 0,,( ya( .y)) = a”l+ ‘~2, so 
rP, + rpt z 0 (mod 2jp1). 
In light of (3), conditions (1) and (2) together are equivalent to 
(3) 
SP* = TPI + SPl (mod 2jp1). 
Note for later use that when (4) holds we have 
(41 
(g&) . e,,(t) = &PI +% = Q3+%, = gnPlvP, +*%I). 
(5) 
Case II. Now assume p E S2, so there is a unique p E&J(L) lying over 
WEIR, and %(LP/FP) z S(L/F) = (0). Take any ‘$ EQ(K) with ‘p 1 p. 
Because N,p,Fp(y) = a and a E N,,,,(K*,), by [S, Proposition 10(a), 
p. 1971 or CI, Theorem 7.6, p. 101 J we have YE im NKV,plL,; that is, 
C?,( y ) = 1. Likewise, 0,( f/cr( t)) = 1 as NLpIFp( r/(r( t)) = 1 E im N,, . Hence, 
6’,(yt/~(l)) = 1 without any restriction on t. 
Now we combine this information at all prime spots of L. If yt/a(t) is a 
local norm for K/L, then from (5) at each p, E T, , the product formula for 
local Artin maps yields 
1 = n (I&) = n .plh +aP,) . n p=P* 
PEG(L) PI E T I  PE T2 
Since z has order 2k, (6) is equivalent to the congruence 
(6) 
c 2”p$rpr + 2s,,) + c 2’%, z 0 (mod 2k). (7) 
~1~7-1 P E 7-2 
We can now give a necessary and sufficient condition for a local norm 
for K/F to be a global norm. 
THEOREM 3.2. With the hypotheses on K, L, F given at the beginning of 
this section, let a E F* be a local norm for K/F, and rake any y E L* with 
N,/,(y) = a. Let the integers nP be determined from [KQ : LP] and r,, deter- 
mined from y as above. Then, a E NKIF(K*) lyand only $ there exist integers 
bp,Ll,ET,” bPlPET2’ only finitely many of which are nonzero, such that the 
congruence in (7) is satisfied. 
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Proof: If a E NKIF(K*) we know by Lemma 3.1 that there is t E L* such 
that p/a(t) is a local norm for K/L. For all p E Q(L) we choose integers s, 
from t as above, so that e,(t) = z~“~‘+‘, stipulating that sP = 0 whenever 
e,(t) = 1. (This occurs for all but finitely many p E Q(L).) The preceding 
discussion shows (7) holds with these s,. 
Conversely, suppose we are given integers {sPl} u {sP} with only finitely 
many nonzero, and satisfying the congruence in (7). For each pi E T, , set 
= rp, +sp,. Only finitely many s,, 
;?P,]PET1 and also for (r 
can be nonzero, since this is true for 
p, p,E T,. So, we now have integers (sP) for all } 
p E Q(L), and only finitely many are nonzero. For each p E Q(L), because 
im(0,)= (r2”‘), we can choose t,E L,* such that e,(t,)= tznpSp. The 
congruence (7) then yields 
=T 
&, e 7, mvp, + 2SP,) + ZPP r2 z*QsP = 1. 
Therefore, by Lemma 2.2 there exists t E L* with e,(t) = e,(t,) for every 
p EB(L). The choice of the sp2 assures that congruence (4) holds for all 
pi E T, . The discussion of Cases I and II above shows yt/o(t) is a local 
norm for K/L. Hence, Lemma 3.1 shows a E NKIL(K*). 1 
4. PROOFS OF THEOREMS I AND II 
We continue with Kz L 2 F as specified in Section 3, and with all the 
associated notation given there. 
LEMMA 4.1. Suppose there exists a prime p,, E 52(F) and a prime 
‘p,, E Q(K), ‘&I p0 such that [K,, : F,,] = [K : F]. Zf a E F* is a local norm 
for KfF, then a is a global norm for K/F. 
ProoJ Let no E D(L) be the restriction of ‘pO to L. The degree 
hypothesis implies [L,, : I;,,] = 2 and [K,, : L,,] = 2k. Hence, p,, E T2 and 
jpO= k, so that np,- - 0. Set f,, = 0 for all pi E T, and sp = 0 for all 
p E T, - (no}. The congruence m (7) then becomes 
(mod 2k). 
Set s,, = - C,, E =, 2*pwp,. Then, the congruence in (7) is satisfied; 
Theorem 3.2 shows u is a global norm for K/F. 1 
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Remark. If there is a prime p0 as described in Lemma 4.1, then p. must 
ramify in K since B(K,,/F,,) z Q(K/P), which is not cyclic. 
LEMMA 4.2. There exist infinitely many primes p1 E T, E Q(L), such that 
j,, = k (so np, = 0). 
Proof. Recall that B(K/L) = (t). The Tchebotarev density theorem 
([J, p. 1821 or [W, p. 289, Theorem 121) shows there exist infinitely many 
unramified primes p E Q(F) such that the Frobenius automorphism of p for 
KJF is t. For every such p, the decomposition field of p for K/F is the fixed 
field of T, which is L. Hence, p E Si, and for p1 E T1, p1 1 p, we have 
.i,,=k. I 
LEMMA 4.3. Let a E F* be a local norm for K/F. rf Cplo T,,nP, =0 rp, is 
even, then a is a global norm for K/F. The converse holds tf there is no prime 
p,, E Q(F) as described in Lemma 4.1. 
Proof (See Section 3 for the definitions of rP, and np,.) Let 
m=C r p~cTl,n~,=O PI’ This sum is finite since we have assumed rp =0 
whenever 0,(y) = 1. Suppose m is even. Let 
Then 1 E E since m is even. Using Lemma 4.2, choose a prime qi E T, with 
n,,=O. If we set spl=O for ni~T,-{q,}, sq,=l, and s,=O for PETE, 
then the congruence in (7) is satisfied. Hence, Theorem 3.2 shows a is a 
global norm for K/F. 
Conversely, suppose there is no prime p. as in Lemma 4.1. Assume a is 
a global norm for K/F. Then we know from Theorem 3.2 that there are 
integers {s, } so that the congruence in (7) is satisfied. Because there is no 
p. as in Lemma 4.1, for each p E T, we have [K, : Lp] < [K : L], i.e., 
np > 1. Hence, the left hand sum in (7) consists of m plus even integers. 
Since the whole sum is even, m must be even. 1 
Remark. Lemma 4.3 can be used to show that the group of local norms 
mod global norms, Z/9, has order 1 or 2 for k > 1. 
Proof of Theorem II. Recall that ka 2 in this theorem. We are 
assuming b2 is a local norm for K/F, b E F*. We take u = b2 in the setup 
of Section 3, and we choose y = b E F*. Take any p1 E T, with np, = 0 (so 
j,, = k), and let p2 E In(L) be the other prime with p21 F = pi 1 F. Because 
YE F, B,,(y) = ep,(a( y)) = 61p,(y); so rpl = rp, (mod 2k). But we saw in the 
Case I analysis in Section 3 (see (3)) that rp, + rp2 E 0 (mod 2k). These 
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congruences together show rp, is even, as k B 2. Thus, Lemma 4.3 shows 
a = b2 is a global norm for K/F. 1 
Proof of Theorem I. (1) * (2). Let a E F* be a local norm for K/F. 
Since a is in particular a local norm mod squares, (1) says a = cb2 with b, 
CEF*, and c a global norm for K/F. Since a and c are both local norms 
for K/F, b2 is also a local norm for K/F; hence, b2 is a global norm for K/F, 
by Theorem II. Consequently, a is a global norm for K/F. 
(2) = (1). This is a special case of Corollary 2.4. 
(3) * (2). This is Lemma 4.1. 
(2) * (3). Assume (3) does not hold. By Lemma 4.2 we can choose 
q E Si so that when we write q = q, q2 in L (q, E T,), j,, = k. Set rp = 0 for 
all PWL)- h q2h and set rq, = 1 and rq2 = 2k - 1. By Lemma 2.2, 
there is y E L* with 19,(y) = r *“Q = a: for all p E Q(L) (in the notation of 
Section 3), with 0, the local Artin map for K/L. Take any p E R(F), and let 
8, be the local Artin map at p for K/F. If p E S, and p E Q(L), p ( p, then 
since B,(y) = 1 we have e,(a) = 1, where a= NLIF(~). But if PE S, and 
p=p1p2 in L, then e,(a)=B,,(yo(y))=B,l(y) t9&)= 1. So, a is a local 
norm for K/F. But for this a the sum in Lemma 4.3 is 1, showing that a is 
not a global norm for K/F. 1 
For Theorems I and II we assumed k > 2. For k = 1, statement (1) of 
Theorem I always holds by [LW, Theorem 4.51. This and the arguments 
above yield the following information when k = 1: The conclusion of 
Theorem II is equivalent to each of (2) and (3) of Theorem I. When 
the group of local norms mod global norms, Y/Y, has order 2, then 
9 = $9 u b29 for some b E F* since the conclusion of Theorem II fails. 
5. FINAL REMARKS 
We give explicit examples where the conditions of Theorem I do not 
hold, and conclude with a few remarks on the Hasse norm theorem 
mod pth powers for odd primes p. 
EXAMPLE 5.1. Let kE Z, k > 1, and let p and q be distinct odd prime 
numbers with p E 1 (mod 2k), p = 1 (mod 8), and p a quadratic residue 
mod q. (For example, if k = 1, 2, 3, or 4 we could take p = 17 and q = 13.) 
Let C = Q(o,), where oP is a primitive p th root of unity. Since C is a cyclic 
Galois extension of Q with [C : Q] = p - 1 there is a subfield E of C with 
[E : O] = 2k. Further, E contains the unique quadratic extension of Q in 
C which is Q(A). Let K= E(h). Then K/Q is Galois with S(K/Q) g 
Z/2kZ x Z/22. The only finite primes of Q which ramify in K are p, q, and 
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possibly 2. But q splits in Q(h), and 2 also splits in Q(h) as p s 1 
(mod 8). By quadratic reciprocity q is a quadratic residue mod p, so p splits 
in Q(h). Since a prime of Q indecomposed in K must necessarily ramify, 
there can be no such prime. Hence, Theorem I shows that for k > 2 the 
Hasse norm theorem mod squares does not hold for K/Q. 
Here is a generalization of Example 5.1 with base field any algebraic 
number field. 
EXAMPLE 5.2. Let F be any algebraic number field, and let E be a cyclic 
Galois extension of F with [E: F] = 2k, k B 1. Let F(A) be the unique 
quadratic extension of F lying in E. By Lemma 2.1 with a suitably chosen 
modulus (or by [LTV, Lemma 2.111) there is some d E F* satisfying 
(i) dE F,** for all infinite and all dyadic p E Q(F), and for all finite 
p with u,(c) # 0; 
(ii) u,(d) = 0 for all other primes, except for one, q, where o,(d) = 1. 
Then the quaternion algebra ((c, d)/F) splits at Fp for the p listed in (i); it 
also splits at all p in (ii), except possibly q, since u,(c) = u,(d) = 0. Hence, 
by Hilbert reciprocity [OM, 71:18], ((c, d)/F) splits at Fq also. Therefore, 
c E F ** Let M = F(&, Jrd) s K. We have arranged that every prime of F 
that ramifies in F(A) is split in F(Jrd), and that the only prime, q, that 
ramifies in F(d) is split in F(fi). Since these are the only primes that 
ramify in M, there is no PE Q(F) which is indecomposed in M. Hence, 
there can be no p ESZ(F) which is indecomposed in K. Thus, the Hasse 
norm theorem does not hold for K/F, and for k> 2 the Hasse norm 
theorem mod squares does not hold. 
In [LW, Theorem 4.51 it was shown that the Hasse norm theorem mod 
squares holds for all abelian extensions of exponent 2 of global fields. 
Theorem I above shows that the validity of Hasse mod squares, even when 
the usual Hasse norm theorem fails, is rather special to abelian extensions 
of exponent 2. It turns out that this is also special to the prime 2, and that 
there is no similar phenomenon for Hasse modpth powers for p an odd 
prime. For, if K/F is an abelian Galois extension of global fields with 
Y(K/F) of exponent p (odd prime), it is known by [St, Satz 3.4.93 or 
CO, Theorem 3.11 that every pth power in F is a global norm for K/F. 
Consequently, the Hasse norm theorem modpth powers holds if and only 
if the usual Hasse norm theorem holds for such K/F. (One implication here 
follows from Corollary 2.4.) Also, an argument similar to the one for 
Theorems II and I shows that for k > 1 if 9(K/F) 2 Z/pkZ x E/p& then the 
Hasse norm theorem mod pth powers is again equivalent to the usual 
Hasse norm theorem. 
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